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Table 1 Tip vortex characteristics

Case U, m/s Re, a,deg  T'y/(cUxcy) —Ye!s dls
1 10 6.8 X 10* 5 0.38 0.10 0.15
2 10 6.8 X 10* 10 0.41 0.09 0.17
3 15 1.0 X10° 5 0.40 0.10 0.17
4 15 1.0 X10° 10 0.42 0.09 0.14
PIV’ 25 1.5 x10° 10 0.43 —— 0.5

The maximum vortex strength I', /(cUs ¢;), core location y, /s,
and vortex diameter d/ s, listed in Table 1, were extracted from the
circulation distributions by fitting hyperbolic tangent curves to the
data. The spanwise location where I" was one-half of its maximum
value yielded y., and the vortex diameter was the extent between
the 5 and 95% circulation values. The experimental uncertainty is
5% for the former two parameters; the vortex diameter uncertainty
is much more difficult to quantify because of the asymptotic nature
of the curve fit at the two ends.

The normalized maximum vortex strength remains nearly con-
stant (within £5%) for the four cases considered.The vortex strength
of the PIV datashows good agreement with the data at 10 deg, which
suggests that the ultrasound method accurately measured the total
circulation of the tip vortex. Because of the wandering correction,
comparisonof the acoustically measured core location with the PIV
data would not be appropriate, as indicated in Table 1.

The normalized vortex diameter varied over a range of values and
was aboutthree times larger than that from the PIV data. The asymp-
totic nature of the curve fit at the two extremes makes this parameter
very sensitiveto small variationsin the data. Additionally,the sound
pulses had a scale (the diameter of the transducerface) on the order
of 2 cm that tends to limit the spatial resolutionof the measurements
and to result in larger vortex diameters. The vortex diameter based
on the maximum tangential velocity reported in Ref. 6 is generally
on the order of 10% of the wing span, which corresponds to about
2 cm for our setup. This suggests that the vortex diameter measured
in the present experiments was approximately the same size as the
sound pulse used to measure the circulation. This is the reason for
the larger vortex diameters inferred. The relative spatial resolution
of the system would be improved in a larger experimental setup.

Forcing of the vortex was pursuedin an attempt to alter the vortex
characteristics. The forcing was accomplished by steady and pul-
satile injection, as well as suction of air (in the freestream direction)
from the vortex core. For the conditions utilized, no changes were
found in the forced vortex characteristics over the baseline case at
the four-chord measurement location.’

Summary

The circulation distribution of a wing tip vortex as a function of
the spanwise coordinate was measured directly by an ultrasound
techniqueutilizing a rectangular acoustic path. The vortex was gen-
erated by a blunt-ended NACA 0012 half-wing, and the measure-
ments were made at four chordsdownstreamof the trailingedge. The
circulation distribution behaved as expected: achieving its highest
level when the rectangularintegration path completely surrounded
the vortex. The circulationdecreasedrapidly throughthe vortex cen-
ter before reaching nearly zero when one side of the integration path
traversed through the vortex. The direct acoustic measurements of
circulation agreed well with those derived from detailed velocity
field data generated by a similar wing. The ultrasound method of-
fers accurate circulation measurements as long as the flow scales
are larger than the size of the sound pulse employed in the measure-
ments.
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Introduction

UBSTRUCTURAL decomposition techniques have been de-

veloped for large flexible structures to reduce the order of their
full model to a manageable level. These techniques were applied to
the control of large flexible structures by Pan' and Sunar and Rao?
using the linear quadratic regulator control method and by Su et al.?
using the linear quadratic Gaussian (LQG) control method.

In this Note, a generalizedsubstructuraldecompositiontechnique
is presented to efficiently design controllers and observers for large
flexible structures using the LQG method. The structure is decom-
posed into substructures and the equations of motion (EOM) are
written for all of the substructures. The boundary forces due to sub-
controllers of surrounding substructures are included in the EOM
as they become available. These EOM are used in the subcontroller
and subobserver designs for all of the substructures. The subcon-
troller and subobserver matrices are assembled to obtain the global
controller for the whole structure. The accuracy and efficiency of
the substructuraltechnique as compared to the full structural model
are numerically illustrated on a large flexible structure.

Substructure Decomposition and Nodal Condensation

Assume that a flexible structure is decomposed into r substruc-
tures. The partitioned EOM of any kth substructure in the configu-
ration space with only controller input # can be written as

MAA.AA. MAA.BA. dAA + CdAA,AA, CdAA.BA. d.Ak
Mpoay M | | dp, Cins,  Cans | |ds,

+ KAA.AA. KAA.BA. dAk _ DAA.AA. DAA.BA. uAk (1)
KBA.AA. KBA.BA. dBk DBA.AA. DBA.BA. uBk
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where M, C,, K, and D are the mass, damping, stiffness, and con-
troller input matrices, and d is the displacement vector. In Eq. (1),
the subscripts A; and B, denote the internal and boundary degrees
of freedom (DOF) for the kth substructure, respectively. The inter-
nal and boundary DOF of a substructure will depend on the sur-
rounding substructureconsidered. For example, assume that the kth
substructure has s surrounding substructures and its original inter-
nal DOF is /; and that the boundary DOF between the kth sub-
structure and its (k + 1)th surrounding substructure is Bj;. Then
the sets of the internal and boundary DOF for the kth substructure
with respect to its (k + 1)th surrounding substructure are given as
{Ai}={L, Bx, B, ..., By} and {B; } ={By; }.

The Guyan condensationscheme is used to condense and, hence,
toinclude the effects of the internal DOF on the boundary DOF. This
scheme may be justified when the frequencies of the applied force
are small compared to the natural frequencies of the structure or the
entries of M,, and M, are much smaller then those of K, and
K 4. Accordingto the Guyan scheme, the following transformation

is carried out:

dy, -K7' K

Al _ ApAg Ak Br dy, = Tds, 2)
dB}; IBA.

Controller and Observer Designs
by Substructural Decomposition
The iterative substructural scheme for general flexible structures
using the LQG control method is outlined in this section. The model
of the kth substructure in state space is given as

X = [Ak + FBk]xk + Byuy + wy = Ayxy + Buuy + Eywy

Y = Cixy + v 3)
where
T
dy,
dBA. _ s 0
dg,

A 0 ! B 0 4)
Mk -MCy, | "7 M D,

In the preceding equations, F 5, is the controller force vector gen-
erated by the ith surrounding substructureof the kth substructurein
the preceding iteration, E is the noise matrix, and w and v are the
noise vectors due to dynamics and measurement, respectively. The
subcontrollerfor the kth substructureis designed using the feedback
control law as

up = _chxok = _Rk_lBkTPckxok (5)
where x,; is the observed state vector and P,, satisfies the ARE
AP, + P, A — P,BiR'B[ P, + 0, =0 (6)
The subobserveris designed using the Kalman filter matrix as
Ky =P, Clv )
where P, satisfies

The subcontroller force generated within the kth substructure,f;, is
found using Eq. (5) as

dy,
dp,
dy,
ds,

Je =D = —D K x, = —Di K, 9

o

which is rewritten via the condensation scheme of Eq. (2) as

_ |ds,
fi =—-DiK, T 1 . (10)
dBA‘ 0
where
_ T, O
T, = 11
k [0 TJ (11)

Solution Procedure

The basic steps of the technique are summarized as follows. 1) A
flexible structure is decomposed into r substructures. 2) The sub-
structures are numbered from 1 to r. In the first iteration, the sub-
controller and subobserver are designed for the first substructure
assuming no boundary forces due to subcontrollers of surround-
ing substructures. The boundary forces due the subcontrollerof the
first substructure are condensed to the boundary DOF of its sur-
rounding substructures. Subcontroller and subobserver designs for
the remaining substructures are carried out with the inclusion of
subcontroller forces condensed to the boundary DOF from preced-
ing substructures. 3) After designing the subcontrollers and subob-
servers for all of the substructures, they are assembled to obtain the
global controller and observer matrices K. and K, for the whole
structure. The eigenvaluesof A — BK, and A — K ;C are computed.
Here A, B, and C denote the state and controller input and output
matrices of the whole structure. 4) Iterations are terminated when
these closed-loopeigenvaluescease changing considerably. The ter-
mination is due to better representation of the subcontroller forces
as the iterations progress.

Case Study and Remarks

A large flexible-structure,45-bartruss, showninFig. 1, is takenas
an example to illustrate the proposed substructural decomposition
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Fig.1 Flexible 45-bar truss.
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technique. The truss is made of aluminum with Young’s modulus of
E =107 psi and mass density of p =0.1 1b/in’. The cross-sectional
areas of all of the members are taken as 2 in?. The dimensions of
the structure are indicatedin Fig. 1. The actuators and displacement
sensors are collocatedin nodes 7-10, 13, 14, 18, and 19. The actua-
tors can generate forcesin the x and y directions at these nodes. For
the LQG control method, it is assumed that Q = 10° X Iy, R =1Ig,
W =10° X Iy, and V =107° X I,,, where I, I, Iy, and I, are
the identity matrices with appropriate dimensions. For the observer
design, the control inputs from the actuators are taken as noise in-
puts to make the structure robust to parameter changes at the control
inputs.

The structure is decomposed into six substructures as shown in
Fig. 1. The members at the boundariesare shared by the neighboring
substructures. Sharing means that these members are kept in each
correspondingsubstructure with cross-sectionalareas takenas 1 in?.
The sensor/actuator pairs at the boundaries are included in the feed-
back and observer designs of all of the sharing substructures. This
poses no implementation problems because the proposed scheme is
to be applied globally once the feedback and observer designs are
completed from the substructure level.

The execution times (user plus system on Unix) recorded on an
IBM RS-6000 machine for the feedback design using the complete
and substructural models are listed as 37.53 and 5.65 s and for
the observer design as 29.42 and 3.22 s, respectively. The closed-
loop structural responses due to a unit step disturbance force act-
ing at node 20 in the —y direction are found using both complete
and substructural models of the structure, and two are shown in
Figs. 2 and 3. Figures 4 and 5 are the Bode-magnitude plots of
the open-loop structure and closed-loop structure via complete and
substructural models. Bode-phase plots show the same trend. It is
evident from Figs. 2-5 that the results of the substructural decom-
position technique are in good agreement with those of the com-
plete model. The Bode plot in the x direction (Fig. 4) indicates
some discrepancybetween the complete and substructuralmodels at
high frequencies, which is expected due to the Guyan condensation
scheme.

For the comparison of the closed-loop eigenvalues, an error pa-
rameter is defined as

e =100 X |d, —d,|/d, (12)

where d; and d,, are the distances of the eigenvalues from the origin
for the substructural and complete models, respectively. For the
feedback eigenvalues, that is, those of A — BK,, the average and
maximum e arenoted as 0.03 and 0.86, respectively.For the observer
eigenvalues,thatis, thoseof A — K ,C, the averagee is computedas
2.71, whereas the eigenvalues of —255.2 = 240.1; (substructural)
and —123.3 = 191.8; (complete) result in the maximum e =34.92.
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Fig. 2 Closed-loop displacement of the structure at node 9 in x
direction.
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Fig. 3 Closed-loop displacement of the structure at node 9 in y
direction.
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Fig. 4 Bode-magnitude plot of the structure: output is at node 9 in
x direction.
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In general, the substructural scheme pushes the real parts of the
eigenvalues farther left in the complex plane.

Conclusions

The numericalresults indicate the overall accuracy and numerical
efficiency of the substructural control technique as compared to
the LQG design by the complete model. The proposed method in
general assumes no restrictionson the types of substructures and on
the locations of sensors and actuators.
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Introduction

AMINATED structuresare finding increasing applicationsin a

wide range of industrialand consumer products such as printed
circuit boards, aircrafts, ships, automobiles, sporting goods, etc.
Quite often these structures delaminate during service conditions,
causing a change in the part performance. Estimation of the part
performance using analytical methods is very complex and, hence,
is currently evaluated using cumbersome two- or three-dimensional
numerical techniques. Unfortunately, these numerical methods are
time consuming and computationally very expensive. This has led
to a search for a simplistic model that can be used for solving these
types of fracture mechanics problems efficiently, thereby reducing
the design cost and cycle time. Based on the loading and geometry,
a typical delaminationis driven by a mix mode fracture. Evaluation
of the effect of these delaminations on the structural performance
requires separation of the strain energy release rate into its mode I
and mode II components.

Suo and Huchinson' developed an analytical model to calculate
the strain energy release rate for a crack at the interface of two ho-
mogeneous layers. Parameters used for separating the strain energy
releaserate intomode I and Il strainenergy releaserates are obtained
through numerical analysis. A crack in a single homogeneousstruc-
ture is a special case of the model. Schapery and Davidson® used
classical plate theory for predictingthe strain energy release rate and
for separating it into its constituents for a cracked plate. However,
all of the four parameters needed for the mode separation could not
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be obtained from the plate theory and the determination of at least
one of the parameters required numerical analysis.

Williams® proposeda mode separationmethod using the assump-
tion that the mode II fracture causes identical curvaturesin two split
segments of a double cantilever beam. However, this assumption
providessatisfactoryresults only for a few trivial cases as discussed
in detail by Sun and Pandey.* Suo® and Nilsson and Storakers® also
separately proposed new methods for mode separation using clas-
sical theories. In most of the cases discussed here, parameters used
for the mode separationare either unknown or known only for a few
special cases.

Separation of a strain energy release rate into its modes, espe-
cially those lying at the interfaces, is complex. In the present work,
a method for separating the strain energy release rate for a homo-
geneous isotropic cracked beamlike structure, as shown in Fig. 1,
is studied. The proposed method assumes that equal transverse dis-
placement of the split segments near the crack tip causes mode II
fracture and applies analytically obtained crack-tip compliance* for
separating the modes.

Problem Statement

Considera cracked homogeneousisotropicbeam shownin Fig. 1.
Thebeamhasacrackoflengtha, the thicknessesof the upperand the
lower segments of the beam are %, and &, and the moments acting
on these segments are M, and M,, respectively. Under the action of
the moments just defined, assume that the beam experiences mixed
mode fracture, that is, the strain energy release rate has both mode I
and mode II components. The total strain energy release rate for the
described structure under pure moment loading can be accurately
expressed as*

M} My (Mt M)

G =
2EI,  2EI, 2EI,

1
where E is the elastic modulus of the material and 7 is the moment
of inertia of different segments of the beam identified by their sub-
scripts; subscriptO stands for unsplit segment. In the present work, a
method is proposedto separate G into its mode I and I components
(G and Gy ) using the elasticity solution of the near tip compli-
ance and the definition of the virtual crack closure method of strain
energy release rate calculation.

Solution Approach
Considerthe beam shownin Fig. 1aundera general set of moment
loads. The equivalent moments on the near tip cross section are
M, and M,,, which can be considered to be made of two sets of
moments as shown in Fig. 1b, one causing mode I fracture and the
other causing mode II fracture. Let M; and oM, be the moments
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Fig.1a Cracked beam under moment loading.
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Fig.1b Equivalent mode I and mode II moment components.




